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8 THE SPECTRUM OF THE LAPLACIAN ON FORMS
NELIA CHARALAMBOUS AND ZHIQIN LU
Abstract. In this article we prove a generalization of Weyl’s criterion for the spec-
trum of a self-adjoint nonnegative operator on a Hilbert space. We will apply this
new criterion in combination with Cheeger-Fukaya-Gromov and Cheeger-Colding
theory to study the k-form essential spectrum over a complete manifold with van-
ishing curvature at infinity or asymptotically nonnegative Ricci curvature.
In addition, we will apply the generalized Weyl criterion to study the variation
of the spectrum of a self-adjoint operator under continuous perturbations of the op-
erator. In the particular case of the Laplacian on k-forms over a complete manifold
we will use these analytic tools to find significantly stronger results for its spectrum
including its behavior under a continuous deformation of the metric of the manifold.
1. Introduction
LetH be a densely defined, self-adjoint and nonnegative operator on a Hilbert space
H. The spectrum of H , which we will denote σ(H), consists of all points λ ∈ C for
which H−λI fails to be invertible. Since H is nonnegative, its spectrum is contained
in [0,∞). The essential spectrum of H , σess(H), consists of the cluster points in the
spectrum and of isolated eigenvalues of infinite multiplicity. It is well known that
both σ(H) and σess(H) are closed sets in R and in C.
In this article, we study the spectrum and the essential spectrum of the Hodge
Laplacian on differential forms over a complete Riemannian manifold. The set of
points in the spectrum that do not belong to the essential spectrum are called the
pure point spectrum. When the manifold is compact, the essential spectrum is an
empty set, and the spectrum coincides with the pure point spectrum. When the
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manifold is complete and noncompact, both may exist. When the essential spectrum
is a connected set, that is, it consists of an interval [α,∞), then the only invariant is
its lower bound α. 1 In this case, we say that the essential spectrum is computable.
Unlike the pure point spectrum which we can only compute in a few specialized cases,
the essential spectrum is computable over a larger variety of manifolds.
We will find a large class of manifolds so that the k-form essential spectrum is
computable. On the other hand, there exist examples of manifolds where the function
essential spectrum has gaps (cf. [32,36,38]). We believe that similar examples should
exist for the k-form essential spectrum as well. Given that the presence of gaps has
only been demonstrated in cases of manifolds with negative curvature, it seems that
our results provide very broad curvature conditions so that a manifold has computable
k-form essential spectrum.
The computation of the spectrum (essential spectrum) of the Laplacian requires
the construction of a large class of test differential forms. This is a difficult task on
a general manifold, since there exists only a small collection of canonically defined
differential forms to work with. We will combine two somewhat “opposite” methods
to achieve this goal: first, we introduce a new version of the Weyl criterion, which
greatly reduces the regularity and smoothness of the test differential forms; second,
we make use of Cheeger-Fukaya-Gromov theory and Cheeger-Colding theory to obtain
a new type of test differential forms on the manifold.
Although a preliminary version has been used in [4], the new Weyl criterion (The-
orem 2.2) we provide is more general and powerful, and is the one we will apply
throughout this paper. Moreover, our methodical use of collapsing theory for locat-
ing the essential spectrum seems to be new, and is an important component of the
computation of the essential spectrum on forms.
The first main result of this paper is the following
Theorem 1.1. Let (Mn, g) be a complete noncompact Riemannian manifold which
is asymptotically flat and whose cone at infinity is smooth except possibly at a single
singularity point. Then, the essential spectrum of the Laplacian on k-forms is either
empty or is equal to [αk,∞) for a nonnegative number αk.
We will show that whenever a manifold has Ricci curvature asymptotically nonneg-
ative (which includes the case of asymptotical flatness), the bottom of its essential
spectrum is captured by a sequence of large geodesic balls which we will call a mini-
mal sequence (see Definition 6.3). Depending on the behavior of the injectivity radius
1When the essential spectrum is the empty set, we define its lower bound to be ∞.
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of these geodesic balls, we will be able to further classify the essential spectrum on
k-forms. Theorem 1.1 can be inferred from the following stronger result.
Theorem 1.2. Let (Mn, g) be a complete noncompact asymptotically flat Riemannian
manifold of dimension n.
(i) If there exists a minimal sequence of geodesic balls Bxi(Ri) such that the in-
jectivity radius at xi, I(xi), satisfies I(xi) → ∞, then σess(k,∆) = [0,∞) for all
0 ≤ k ≤ n.
(ii) If there exists a minimal sequence of geodesic balls Bxi(Ri) with 0 < a ≤ I(xi) ≤
b, then σess(k,∆) = [αk,∞), for some constant αk ≥ 0.
(iii) If there exists a minimal sequence of geodesic balls Bxi(Ri) with I(xi) → 0
and Bxi(Ri) has a cone at infinity with at most a single singularity point, then either
σess(k,∆) is empty, or σess(k,∆) = [αk,∞) for some constant αk ≥ 0.
Note that the manifold could have varying types of minimal sequences as described
in the theorem above. However, they will all lead to the same value for αk. Theorem
1.2 is more general than Theorem 1.1 since it only requires knowing the structure
at infinity of the minimal geodesic sequence and not of the whole manifold. For a
precise definition of a cone at infinity see Definition 8.3. The proof of Theorem 1.2
combines Cheeger-Fukaya-Gromov theory [11] and the new Weyl criterion. We will be
addressing the noncollapsing case in Section 7 and the collapsing cases in Sections 8
and 9. In Section 9 we will also study a more complex case of a singular cone at
infinity.
Here and for the rest of the paper, we shall use either σ(k,∆,M), or σ(k,∆)
(σess(k,∆,M), or σess(k,∆) resp.) to denote the spectrum (essential spectrum resp.)
of the Laplacian on k-forms, where 0 ≤ k ≤ n. We remark that since our assumption
only concerns the ends of the manifold, we have no control over the point spectrum.
The behavior of the spectrum becomes more complicated when one only assumes
Ricci curvature asymptotically nonnegative. Although we still get pointed conver-
gence of a sequence of balls to a metric space in the (pointed) Gromov-Hausdorff
sense, the limit is significantly singular. In Section 10 we will study the k-form spec-
trum over noncompact manifolds with Ricci curvature asymptotically nonnegative on
a sequence of expanding balls. We will show
Theorem 1.3. Let (Mn, g) be a noncompact complete Riemannian manifold. Assume
that on a sequence of disjoint geodesic balls Mi = Bxi(Ri) with Ri → ∞, there exist
δi → 0 such that
RicMi ≥ −δi.
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Then, there exists a positive integer, q > 0, such that for each k ≤ q and k ≥ n− q
σ(k,∆,M) = σess(k,∆,M) = [0,∞).
The above result is also true when the manifold has Ricci curvature asymptotically
nonnegative. The integer q depends on the behavior of the manifold at infinity. For
example, if M has nonnegative Ricci curvature and Euclidean volume growth, then
q = n, and hence we know the k-form spectrum for all k. We remark that although
in this case the manifold is a metric cone at infinity by Cheeger-Colding theory,
the classical Weyl criterion is not sufficient to compute the essential spectrum of
the Laplacian on differential forms. Thus even in this special case, our result follows
through a combination of our generalized Weyl criterion with Cheeger-Colding theory.
Theorem 1.1 and Theorem 1.2 are obviously true for the covariant Laplacian as
well. Our result in Theorem 1.3 is true for the covariant Laplacian, if we assume that
the manifold is asymptotically Ricci flat. We remark that in this case, even though
the curvature tensor may blow up at infinity, our spectrum results are true for both
the Hodge and the covariant Laplacian.
We will apply the generalized Weyl criterion to obtain other interesting results for
the k-form spectrum. We show that a point in the k-form spectrum of the Laplacian
must belong to either the (k − 1)-form spectrum or to the (k + 1)-form spectrum
(Theorem 4.1). It then immediately follows that the spectrum of the Laplacian on
1-forms always contains the spectrum of the Laplacian on functions (Corollary 4.4).
We emphasize the fact that this theorem is an analytic result, which does not impose
any assumptions on the curvature nor the volume growth of the manifold. Our
results show that we do not always have to make stronger geometric assumptions
on the manifold to compute the k-form spectrum, in comparison to the Laplacian
on functions. In Section 4 we will join Theorem 4.1 with a previous result of ours
to conclude that on manifolds with Ricci curvature asymptotically nonnegative in
the radial direction, the essential spectrum of the Laplacian on 1-forms is [0,∞),
whenever the volume of the manifold is infinite, or if the volume is finite but the
volume does not decay exponentially.
We will also show that the spectrum of the Laplacian on k-forms over a noncompact
manifold varies continuously with the metric (Theorem 5.2). Our generalized Weyl
criterion will allow us to relate the spectrum of the Laplacian to the spectra of δd
and dδ (Lemma 5.1). We show that the spectrum of these partial operators varies
continuously with the metric, and then use this result together with Lemma 5.1 to
prove the continuous variation of the spectrum of the full Laplacian. Theorem 5.2
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generalizes the work of Dodziuk who considered the compact case [14]. Our result
is also related to the spectral continuity results due to Fukaya [24] and Cheeger-
Colding [8] for the function spectrum and to those of Lott [30,31], and more recently
Honda [27], on the form spectrum.
For our applications, it would be convenient to consider the spectrum of any non-
negative self-adjoint operator H as a complete metric space. As is well-known, the
spectrum σ(H) is a closed subset of [0,∞), hence it is a complete metric space with
distance function the one induced from R. Let
σ˜(H) = {−1} ∪ σ(H).
Then (σ˜(H),−1) is a pointed complete metric space. By the Gromov compactness
theorem, the set of all spectra is a pre-compact set2 under the pointed Gromov-
Hausdorff distance, which we denote as dGH .
Similar notions can be defined for the essential spectrum. We feel that the above
definition is a convenient notion in many of our results, and we shall use it through-
out this paper, for example in Sections 3 and 5. However, the point −1 is just an
abstract point, and in order to simplify notation, we shall use σ(H), instead of the
more complicated (σ˜(H),−1), for the rest of the paper.
Acknowledgement. The authors would like to thank Kenji Fukaya, John Lott,
Rafe Mazzeo, and Xiaochun Rong for their useful comments and suggestions.
2. A Generalized Weyl Criterion
Let H be a densely defined, self-adjoint and nonnegative operator on a Hilbert
space H. The norm and inner product on H are respectively denoted by ‖ · ‖ and
(·, ·). Let Dom(H) denote the domain of H . The classical Weyl criterion states that
Theorem 2.1 (Classical Weyl criterion). A complex number λ belongs to σ(H) if,
and only if, there exists a sequence {ψj}j∈N ⊂ Dom(H) such that
(1) ∀ j ∈ N, ‖ψj‖ = 1 ,
(2) (H − λ)ψj → 0, as j →∞ in H.
Moreover, λ belongs to σess(H) if, and only if, in addition to the above properties
(3) ψj → 0 weakly as j →∞ in H.
2In fact, it is a compact set.
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In this section we prove a similar but both qualitatively and quantitatively stronger
criterion for the spectrum and the essential spectrum of H . Let f, g be two bounded
positive continuous functions on [0,∞), with g satisfying the following additional
property: for any λ ≥ 0, there exists a positive constant c such that g(t)(t−λ) ≥ c > 0
on the interval [λ+ 1,∞).
We define the following three constants: for a fixed λ ≥ 0 we set
c1(λ) = inf
t∈[0,λ]
f(t);
c2(λ) = min
(
inf
t∈[λ,λ+1]
g(t), inf
t∈[λ+1,∞)
g(t)(t− λ)
)
;
c3(λ) = λ sup
t∈[0,λ]
g(t).
(1)
Moreover, let
c0 = max(sup f(t), sup g(t)).
Theorem 2.2. Let H be defined as above. We fix a nonnegative number λ ≥ 0, and
a small positive number 0 < δ < c0. If
dist(λ, σ(H)) < δ/c0,
then there exists a sequence {ψj}j∈N ⊂ Dom(H) such that3
(1) ∀ j ∈ N, ‖ψj‖ = 1 ,
(2) |(f(H)(H − λ)ψj, (H − λ)ψj)| ≤ δ, and
(3) |(g(H)ψj, (H − λ)ψj)| ≤ δ.
Whenever
dist(λ, σess(H)) < δ/c0,
then in addition to the above properties, we have
(4) ψj → 0, weakly as j →∞ in H.
On the other hand, if properties (1),(2),(3) are satisfied for a sequence of {ψj}j∈N ⊂
Dom(H), then
dist(λ, σ(H)) ≤
(
c1(λ) + c2(λ) + c3(λ)
c1(λ) c2(λ)
) 1
3
· δ 13
3the ψj could all be identical.
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in the case λ > 0, and
dist(λ, σ(H)) ≤ δ
c2(λ)
in the case λ = 0.
If the {ψj}j∈N also satisfy property (4), then the above upper bound also holds for
dist(λ, σess(H)).
Proof. By the assumptions on H ,
(2) H =
∫ ∞
0
t dE(t)
for some spectral measure E. Assume that dist(λ, σ(H)) < δ/c0. Then there exists a
sequence {ψj} such that
‖(H − λ)ψj‖ < δ/c0, ‖ψj‖ = 1.
Then we have
(f(H)(H − λ)ψj , (H − λ)ψj) =
∫ ∞
0
f(t)(t− λ)2d‖E(t)ψj‖2.
As a result,
|(f(H)(H − λ)ψj , (H − λ)ψj)| ≤ c0
∫ ∞
0
(t− λ)2d‖E(t)ψj‖2 = c0‖(H − λ)ψj‖2 ≤ δ,
and similarly,
|( g(H)ψj, (H − λ)ψj)| ≤ c0 ‖ψj‖ · ‖(H − λ)ψj‖ ≤ δ.
If in addition,
dist(λ, σess(H)) < δ/c0,
then we may assume that the sequence {ψj} is orthogonal (cf. [15, Prop. 2.2]). Since
the ψj are of unit norm and orthogonal, they are weakly convergent to 0.
To prove the reverse statement of the theorem, we first consider the case λ > 0 and
assume that dist(λ, σ(H)) > ε for some ε < min(λ, 1). Let P = E([0, λ− ε]). P is a
projection operator which we use to write
ψj = ψ
1
j + ψ
2
j ,
where
ψ1j =
∫ λ−ε
0
dE(t)ψj = Pψj,
8 NELIA CHARALAMBOUS AND ZHIQIN LU
and ψ2j = ψj − ψ1j . Then we have
(f(H)(H − λ)ψj , (H − λ)ψj)
= (f(H)(H − λ)ψ1j , (H − λ)ψ1j ) + (f(H)(H − λ)ψ2j , (H − λ)ψ2j )
≥ c1(λ)ε2‖ψ1j‖2 + (f(H)(H − λ)ψ2j , (H − λ)ψ2j ) ≥ c1(λ)ε2‖ψ1j ‖2,
On the other hand, we similarly get
(g(H)ψj, (H − λ)ψj) ≥ c2(λ)ε‖ψ2j‖2 − c3(λ)‖ψ1j‖2.
If the criteria (2), (3) are satisfied, then, by the two inequalities above, we conclude
δ ≥ c1(λ)ε2 x,
δ ≥ c2(λ)ε(1− x)− c3(λ)x,
where x = ‖ψ1j ‖2. Thus we must have
δ ≥ c1(λ) c2(λ) ε
3
c1(λ)ε2 + c2(λ)ε+ c3(λ)
≥ c1(λ) c2(λ) ε
3
c1(λ) + c2(λ) + c3(λ)
.
This proves the upper bound estimate of ε. Moreover, if (4) is satisfied, then the
estimate holds for σess(H).
In the case λ = 0 we have that c3(λ) = 0 and x = 0 in the above argument, as a
result we get the estimate ε < δ/c2(λ).

We shall take f(t) = (t + α)−2 and g(t) = (t + α)−1 for some positive α. Observe
that
((H + α)−2(H − λ)ψj , (H − λ)ψj)
= ((H + α)−1ψj , (H − λ)ψj)− (α + λ) ((H + α)−2ψj , (H − λ)ψj).
Then we have the following
Corollary 2.3. A nonnegative real number λ belongs to the spectrum σ(H) if, and
only if, there exists a positive constant α and a sequence {ψj}j∈N ⊂ Dom(H) such
that
(1) ∀j ∈ N, ‖ψj‖ = 1 ,
(2) ((H + α)−mψj , (H − λ)ψj)→ 0 for m = 1, 2.
Moreover, λ belongs to the essential spectrum σess(H) if, and only if, in addition to
the above properties
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(3) ψj → 0, weakly as j →∞ in H.
Furthermore, if for some 0 < δ < 1,
|((H + α)−mψj , (H − λ)ψj)| ≤ δ
for both m = 1, 2 and all j, then there exists a constant c(λ, α) > 0, depending only
on λ, α, such that
dist(λ, σ(H)) < c(λ, α) δ
1
3 .
3. Continuous Deformation of the Spectrum
Let H be a Hilbert space with two inner products (·, ·)0 and (·, ·)1. Let H0, H1
be two densely defined nonnegative operators on H that are self-adjoint with respect
to the inner products (·, ·)0 and (·, ·)1 respectively. Let Q0, Q1 be their respective
quadratic forms and denote the two norms on H by ‖ · ‖0 and ‖ · ‖1. Note that both
Q0 and Q1 are nonnegative.
We assume that there exists a dense subspace4 C ⊂ H such that C is contained in
Dom(H0) ∩Dom(H1).
Definition 3.1. We say that the operators H0, H1 are ε-close, if there exists a positive
constant 0 < ε < 1 such that for all u ∈ C the following two inequalities hold
(1− ε) ‖u‖20 ≤ ‖u‖21 ≤ (1 + ε) ‖u‖20;(3)
(1− ε)Q0(u, u) ≤ Q1(u, u) ≤ (1 + ε)Q0(u, u).(4)
If H0, H1 are ε-close, then for any u, v ∈ C
|(u, v)1 − (u, v)0| ≤ ε(‖u‖0 ‖v‖0);(5)
|Q1(u, v)−Q0(u, v)| ≤ ε [Q0(u, u)Q0(v, v)]1/2.(6)
To prove (5) we first observe that if either u = 0 or v = 0, then clearly the inequality
holds. So we will prove it when neither vanishes. We first observe that
|(u, v)1 − (u, v)0| = 1
4
∣∣ [‖u+ v‖21 − ‖u+ v‖20 − (‖u− v‖21 − ‖u− v‖20)] ∣∣
≤ 1
4
ε [‖u+ v‖20 + ‖u− v‖20] ≤
1
2
ε [‖u‖20 + ‖v‖20].
4C is the space of smooth forms with compact support in our applications.
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If in the above inequality we replace u by au and v by v/a with a = ‖v‖0/‖u‖0, then
(5) follows immediately. Inequality (6) follows in a similar manner given that Q0 and
Q1 are nonnegative.
We will show that the spectra of two ε-close operators also remain close. Our proof
will require a comparison of their resolvent operators which is Lemma 3.3 below. We
first prove the boundedness of the resolvents on H.
Lemma 3.2. Let H be defined as above. Then for any nonnegative integer m and
α > 0, (H + α)−m is a bounded operator on H.
Proof. By the spectral decomposition (2) of H , we can write
(H + α)−m =
∫ ∞
0
(λ+ α)−mdE.
Since (λ+ α)−m ≤ α−m, the operator is bounded, and in fact its operator norm is at
most α−m. 
Lemma 3.3. Let H0 and H1 be two self-adjoint nonnegative operators that are ε-close
on H as in Definition (3.1), with 0 < ε < 1/2.
Fix α > 1. Then for all u, v ∈ C∣∣( (H1 + α)−mu, v )1 − ( (H0 + α)−mu, v )0∣∣ ≤ (2m+ 1) ε ‖u‖0‖v‖0
for any nonnegative integer m ≥ 0.
Proof. For m = 0, the result follows from (5).
Let m > 0 and assume that the lemma holds for m− 1. Then
|((H1 + α)−m+1u, (H1 + α)−1v)1 − ((H0 + α)−m+1u, (H1 + α)−1v)0|
≤ (2m− 1) ε‖u‖0‖v‖0.
Let w = (H0 + α)
−m+1u, w1 = (H0 + α)−1w, and v1 = (H1 + α)−1v. Then
|(w, v1)0 − (w1, v)0|
≤ |((H0 + α)w1, v1)0 − (w1, (H1 + α)v1)1|+ |(w1, v)0 − (w1, v)1|
≤ ε ((Q0(w1, w1) ·Q0(v1, v1))1/2 + ‖w1‖0 · ‖v‖0) ≤ 2ε‖u‖0 · ‖v‖0.
The result follows for m after combining the above two estimates. 
We will now describe the proximity of the spectra of two ε-close operators.
THE SPECTRUM OF THE LAPLACIAN ON FORMS 11
Theorem 3.4. Let H0, H1 be two nonnegative operators on H that are ε-close as in
Definition 3.1 for some 0 < ε < 1/2. Fix A > 0. Then for any λ ∈ σ(H1) ∩ [0, A]
dist(λ, σ(H0)) < c(A)ε
1
3
for a constant c(A) depending only on A. In particular, we have
dGH(σ(H0), σ(H1)) = o(1),
where o(1)→ 0 as ε→ 0.
Proof. We start by taking a point 0 ≤ λ ≤ A in the spectrum of H1. By Corollary 2.3
for m = 1, 2 we have
| ((H1 + 1)−mψj , (H1 − λ)ψj)1 | ≤ ε‖ψj‖1
for a sequence {ψj} with unit norm as j →∞. The identity
((H1 + 1)
−mψj , (H1 − λ)ψj)1
= ((H1 + 1)
−m+1ψj , ψj)1 − (1 + λ) ( (H1 + 1)−mψj , ψj)1
(7)
together with Lemma 3.3 imply that the corresponding expression for H0 should also
tend to zero. In fact, we have
|((H0 + 1)−mψj , (H0 − λ)ψj)0| ≤ c(A)ε
for some constant c(A) depending only on A. By Corollary 2.3, the conclusion is true
for some, possibly different, constant c(A). 
Theorem 3.4 demonstrates that whenever Hε → H0 under the topology of ε-
closeness, then σ(Hε) → σ(H0) as pointed metric spaces in the Gromov-Hausdorff
distance. At the same time, it implies that gaps in the spectrum of H0, if they exist,
do not vanish instantaneously.
4. The Spectrum of the Laplacian on k-Forms
Let (Mn, g) be a complete n-dimensional Riemannian manifold. The metric g
induces a pointwise inner-product on the space of k-forms Λk(M) which is denoted
〈·, ·〉. We denote the L2 pairing as
(·, ·) =
∫
M
〈·, ·〉
and the L2 norm as ‖ · ‖.
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Let L2(Λk(M)) denote the space of L2 integrable k-forms. Denote by ∆k the
Laplacian on k-forms as well as its Friedrichs extension on L2. We denote the domain
of the Laplacian on k-forms by Dom(k,∆). For the remaining of this paper, we shall
write ∆ instead of ∆k for 0 ≤ k ≤ n whenever the order of the form is implied.
As mentioned in the Introduction, the notation σ(k,∆), σess(k,∆) resp., actually
refers to the pointed complete metric space
(σ(k,∆) ∪ {−1},−1), (σess(k,∆) ∪ {−1},−1) resp.
We set
σ(−1,∆) = σ(n+ 1,∆) = σess(−1,∆) = σess(n+ 1,∆) = ∅
which, according to the above convention, means that they are all the single point
metric space {−1}.
Theorem 4.1. Let (M, g) be a complete Riemannian manifold. For any 0 ≤ k ≤ n,
suppose that λ > 0 belongs to σ(k,∆). Then one of the following holds:
(a) λ ∈ σ(k − 1,∆), or
(b) λ ∈ σ(k + 1,∆).
The same result is true for the essential spectrum.
Proof. Let λ > 0 and λ ∈ σ(k,∆). By the classical Weyl criterion we know that
for each ε > 0, there exists an approximate eigenfunction ωε ∈ Dom(k,∆) such that
‖ωε‖ = 1,
(8) ‖(∆− λ)ωε‖ ≤ ε.
As M is complete, we can in fact assume that the ωε are smooth and compactly
supported. Choosing ε < λ/2, the triangle inequality gives
(9) (∆ωε, ωε) ≥ 1
2
λ.
Thus we have
‖dωε‖2 + ‖δωε‖2 = (∆ωε, ωε) ≥ 1
2
λ.
This estimate implies that either
‖dωε‖2 ≥ λ
4
or ‖δωε‖2 ≥ λ
4
.
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We first consider the case ‖dωε‖2 ≥ λ4 . For simplicity, we denote ωε = ω. For any
integer m, (∆ + 1)−mdω = d(∆ + 1)−mω and (∆ + 1)−mδω = δ(∆ + 1)−mω . For
m = 1, 2 we compute
| ((∆ + 1)−m dω, (∆− λ) dω) | = | ((∆ + 1)−m δdω, (∆− λ)ω) |
≤ ε‖ ((∆ + 1)−m δdω‖(10)
by (8). At the same time, the commutativity properties of the resolvent and integra-
tion by parts give
‖(∆ + 1)−m δdω‖2 + ‖(∆ + 1)−m dδω‖2 = ‖(∆ + 1)−m∆ω‖2 ≤ ‖∆ω‖2 ≤ (ε+ λ)2,
where we have used Lemma 3.2 and assumption (8). Combining this with (10) we
get
| ((∆ + 1)−m dω, (∆− λ) dω) | ≤ ε(ε+ λ) ≤ ε(1 + λ)‖ω‖2 ≤ 4ε(1 + λ)
λ
‖dω‖2
by our assumption.
If we consider instead the case ‖dωε‖2 ≥ λ4 , we similarly get
| ((∆ + 1)−m δω, (∆− λ) δω) | ≤ 4ε(1 + λ)
λ
‖δω‖2.
By Corollary 2.3, λ must therefore belong to either σ(k − 1,∆) or σ(k + 1,∆).
The case for the essential spectrum follows similarly. 
Remark 4.2. Over a compact manifold the k-form spectrum is discrete, and each
element of the spectrum is an eigenvalue. To each eigenvalue λ corresponds a smooth
form ω such that
∆ω − λω = 0.
It is easy to check that
∆dω − λdω = 0, ∆δω − λδω = 0.
Therefore if λ 6= 0, at least one of dω and δω should not be zero, and hence the
conclusion of Theorem 4.1 is trivially true. On the other hand, it seems that in order
to prove the result in the complete noncompact case, we need to make full use of our
new Weyl criterion.
Remark 4.3. Gromov and Shubin proved in [26] that over any Riemannian manifold,
including the noncomplete case, we have the following Hodge decomposition theorem:
L2(M) = ker∆⊕ Im d⊕ Im δ.
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However, the completeness assumption in Theorem 4.1 is essential as there exists a
counterexample in the incomplete case. See Lu-Xu [33] for details.
Corollary 4.4. The spectrum of the Laplacian on 1-forms contains the spectrum of
the Laplacian on functions except possibly for the point λ = 0.
Corollary 4.5. The essential spectrum of the Laplacian on 1-forms is [0,∞) when-
ever the essential spectrum of the Laplacian on functions is [0,∞).
Corollary 4.4 is an immediate consequence of Theorem 4.1. Corollary 4.5 follows
from Corollary 4.4 and the fact that the essential spectrum is a closed set. Combined
with Theorem 1.3 of our article [4] on the function spectrum these corollaries will
give that the essential spectrum on 1-forms is [0,∞) on a significantly larger class of
manifolds.
We recall the following definitions from [4]. Let p be a fixed point in M . The cut
locus Cut(p) is a set of measure zero in M , and the manifold can be written as the
disjoint union M = Ω ∪ Cut(p), where Ω is star-shaped with respect to p. That is, if
x ∈ Ω, then the geodesic line segment px ⊂ Ω. ∂r = ∂/∂r is well defined on Ω.
Definition 4.6. Let M be a complete noncompact Riemannian manifold. Let p be a
fixed point in M and define r(x) to be the radial function with respect to p. We say
that the radial Ricci curvature of M is asymptotically nonnegative with respect to p if
there exists a continuous function δ(r) on R+ such that
(i) lim
r→∞
δ(r) = 0;
(ii) δ(r) > 0, and
(iii) Ric(∂r, ∂r) ≥ −(n− 1)δ(r) on Ω.
We remark that manifolds that satisfy the condition above have subexponential
volume growth at p, but need not have uniformly subexponential volume growth as
defined in [39]. In other words, the Lp independence result for the spectrum of the
Laplacian on 1-forms need not hold [2]. Using Corollary 4.4 and Theorem 1.3 of [4]
we obtain
Theorem 4.7. LetM be a complete noncompact Riemannian manifold. Suppose that,
with respect to a fixed point p, the radial Ricci curvature is asymptotically nonnegative
in the sense of Definition 4.6. If the volume of the manifold is finite we additionally
assume that its volume does not decay exponentially at p.
Then the essential spectrum of the Laplacian on 1-forms is [0,∞).
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By the Poincare´ duality, it is easy to see that
σ(k,∆) = σ(n− k,∆)
for any 0 ≤ k ≤ n. Therefore, everything we stated for 1-forms will also be true
for n − 1 forms. On the other hand, even though the 1-form spectrum essentially
contains the function spectrum, there is no monotonicity for the k-form spectrum
with respect to k. In the case of hyperbolic space we have unimodality, which means
that the spectrum is increasing for k ≤ n/2 and decreasing for other k:
Example 4.8. The essential spectrum of the Laplacian on forms over hyperbolic space
H
N+1 is given by
σess(k,∆) = σess(N + 1− k,∆) = [ (N
2
− k)2,∞ )
for 0 ≤ k ≤ N
2
, and whenever N is odd
σess(
N + 1
2
,∆) = {0} ∪ [ 1
4
,∞ ).
A proof of this result can be found in Donnelly [17]. Mazzeo and Phillips show in
[28] that the same result is true over quotients of hyperbolic space, HN+1/Γ, that are
geometrically finite and have infinite volume.
However, one cannot expect a unimodality result on every manifold as we can see
from the following example:
Example 4.9. Consider the product manifold M4 = F 3 × R, where F 3 is the com-
pact flat three-manifold constructed by Hantzsche and Wendt in 1935 with first Betti
number zero (see [13] for a family of manifolds of any dimension n ≥ 3 with the
same property). Note that M is a flat noncompact manifold. By Theorem 4.1 and
Definition (7.2)
σess(k,∆) = [0,∞) for k = 0, 1, 3, 4.
However, since there do not exist any harmonic 1-forms nor harmonic 2-forms on F
then
σess(2,∆) = [a,∞) for some a > 0.
In other words, its essential spectrum is smaller in half-dimension. Note that this
does not contradict the result of Theorem 4.1.
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The computation of the k-form spectrum of the Laplacian for k 6= 0, 1, n− 1, n is a
significantly more difficult task compared to the function case, due to the increased
complexity in obtaining and controlling approximate eigenforms. The classical Weyl
criterion was used to compute the k-form essential spectrum over hyperbolic mani-
folds [17, 28], and over warped product measures with negative curvature [1] (for the
Laplacian on functions see [15]). On manifolds with asymptotically nonnegative cur-
vature, it was not possible to apply the Weyl criterion directly without much stronger
assumptions on the geometry and curvature of the manifold to show that the function
spectrum was [0,∞) (see for example [16, 18, 20–22]). The Lp independence result
of Sturm [39] allowed for the computation of the L2 spectrum under more general
geometric conditions, which was first done by [40] and later improved by [34]. The
Lp independence result for forms made the computation of the L2 1-form spectrum
a bit simpler, but it still required stronger curvature assumptions than for the case
of functions to get the spectrum equal to [0,∞) (cf. [2]). Theorem 4.7 demonstrates
the strength of the analytic result Theorem 4.1.
There exist various examples of manifolds over which the essential spectrum of the
Laplacian on functions has gaps. Lott proved in [32] that for any ǫ > 0, there is a
complete connected noncompact finite-volume Riemannian manifold whose sectional
curvatures lie in [−1− ǫ,−1+ ǫ] and whose function Laplacian has an infinite number
of gaps in its essential spectrum. The gaps tend towards infinity. In the same article
Lott claims that there should even be examples where the essential spectrum is a
Cantor set. Post and Lledo´ [29,36] use Floquet theory to give examples of Riemannian
coverings of manifolds whose essential spectrum has at least a prescribed finite number
of gaps. More recently, Schoen and Tran in [38] show that for any noncompact
covering of a compact manifold one can find a metric on the base so that the lifted
metric has an arbitrarily large number of gaps in its essential spectrum. Moreover, for
any complete noncompact manifold with bounded curvature and positive injectivity
radius they find a uniformly equivalent metric with an arbitrarily large number of gaps
in the essential spectrum. Their manifolds do not have nonnegative Ricci curvature,
but some of them have bounded positive scalar curvature.
Corollary 4.4 tells us that the essential spectrum on 1-forms over these manifolds
could be larger, but it is not known whether it would also have gaps. On the other
hand, recall that on both the hyperbolic space, for k 6= (N +1)/2, (constant negative
curvature) and the Euclidean space (zero curvature) the essential spectrum of the
Laplacian on forms is a connected subset of the real line. It would be quite interesting
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to find sufficient conditions on the geometry of the manifold so that its essential
spectrum is a connected subset of the real line.
5. The Spectrum of the Laplacian on Forms Under Continuous
Deformation of Metrics
Let (M, g) be a complete noncompact Riemannian manifold. We consider the two
operators that make up the Laplacian ∆. We set
L1 = δd
with associated quadratic form Q1(ω) = (dω, dω) and
L2 = dδ
with associated quadratic form Q2(ω) = (δω, δω) on k-forms.
Each one of the above operators has a self-adjoint Friedrichs extension which is
nonnegative. It can be easily seen that Dom(k,∆) = Dom(k,L1) ∩Dom(k,L2). We
will now illustrate how the spectra of these three operators are related, which is of
its own interest.
Lemma 5.1. For any 0 ≤ k ≤ n the following containments hold
(11) σ(k,∆) ⊂ σ(k,L1) ∪ σ(k,L2)
and
(12) σ(k,∆) ⊃ {σ(k,L1) ∪ σ(k,L2)} \ {0}.
The result is also true for the essential spectra of the operators.
Proof. We first remark that ∆,L1,L2 are all closed. Therefore the forms to which we
apply the Weyl Criteria can be taken to be smooth with compact support.
If k = 0, then ∆ = L1 and L2 = 0, and the statement is trivially true. Similarly,
for k = n, ∆ = L2. As a result we only consider the case 0 < k < n.
We begin by proving (11). We first show that 0 is always a point in σ(k,L1) ∪
σ(k,L2). This follows from the simple fact that for any smooth compactly supported
(k − 1)-form ω, dω is a k-eigenform of L1 = δd corresponding to the eigenvalue
0. Moreover, since k ≥ 1 we can always find a sequence of compactly supported
approximate (k − 1)-forms uj such that ‖duj‖ = 1 on M . This implies that 0 ∈
σ(k,L1). As a result, if 0 ∈ σ(k,∆), then 0 ∈ σ(k,L1) ∪ σ(k,L2).
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We now consider λ > 0 in σ(k,∆). By the classical Weyl criterion, there exists a
sequence of approximate eigenforms {ψj}j∈N with ‖ψj‖ = 1 such that for any ε > 0,
0 < ε < λ/2, we have
‖(∆− λ)ψj‖ < ε as j →∞.
By the triangle inequality,
‖∆ψj‖ ≥ λ
2
for j large enough. Since5 ‖∆ψj‖2 = ‖L1ψj‖2 + ‖L2ψj‖2, there must exist a subse-
quence of j, for which either
‖L1ψj‖2 ≥ λ
4
or ‖L2ψj‖2 ≥ λ
4
.
Suppose that ‖L1ψj‖2 ≥ λ4 . Observe that on smooth forms with compact support,
L1L2 = L2L1 = 0
and
∆Li = Li∆
for i = 1, 2. Thus for m = 1, 2
| ( (L1 + 1)−mL1ψj , (L1 − λ)L1ψj) | = | ( (L1 + 1)−mL1ψj , (∆− λ)L1ψj) |
= | ( (L1 + 1)−m(L1)2ψj , (∆− λ)ψj) | ≤ ‖L1ψj‖ · ‖(∆− λ)ψj‖ ≤ ε 4
λ
‖L1ψj‖2
where we have used that ‖(L1+1)−mL1‖ ≤ 1 which can be proved similarly to Lemma
3.2. Setting ψ˜j = L1ψj/‖L1ψj‖ and rescaling the above inequalities, we see that the
ψ˜j satisfy the conditions of Corollary 2.3. Therefore λ ∈ σ(k,L1). The argument for
the case ‖L2ψj‖2 ≥ λ4 is identical. We thus conclude that λ belongs either to σ(k,L1)
or to σ(k,L2).
To prove (12) we now suppose that λ > 0 belongs to σ(k,L1). Again by the
classical Weyl criterion there exists a sequence of smooth approximate eigenforms
{ψj}j∈N with ‖ψj‖ = 1 such that for any ε > 0, 0 < ε < λ/2, we have
‖(L1 − λ)ψj‖ < ε as j →∞.
As a result,
λ
2
≤ ‖L1ψj‖ ≤ 2λ
5Note that the ψj are smooth with compact support.
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for j large enough. For m = 1, 2 we similarly get
| ( (∆ + 1)−mL1ψj , (∆− λ)L1ψj) | = | ( (∆ + 1)−mL1ψj , (L1 − λ)L1ψj) |
= | ( (∆ + 1)−m∆L1ψj , (L1 − λ)ψj) | ≤ ‖L1ψj‖ · ‖(L1 − λ)ψj‖ ≤ ε 4
λ
‖L1ψj‖2.
Setting ψ˜j = L1ψj/‖L1ψj‖ and rescaling the above inequalities, we see that the ψ˜j
satisfy the conditions of Corollary 2.3. Therefore, λ belongs to the spectrum of ∆.
In a similar manner we can prove that σ(k,L2) \ {0} ⊂ σ(k,∆). As a result
{σ(k,L1) ∪ σ(k,L2)} \ {0} ⊂ σ(k,∆).
The case of the essential spectrum follows in a similar manner. 
We now consider a manifold M to which we can assign two Riemannian metrics,
g0, g1 such that (M, g0) and (M, g1) are smooth complete manifolds with respect to
both. We say that the two metrics are ε-close if for some 0 < ε < 1
(13) (1− ε)g0 ≤ g1 ≤ (1 + ε)g0.
We denote by δi the adjoint of d on (M, gi) for i = 0, 1 and the associated Laplacian
operators by
∆i = dδi + δid.
We denote by (·, ·)i the L2 pairing in the gi metric and by ‖ · ‖i the respective L2
norm. In this section we will show that Theorem 3.4 can be extended to ∆i. Let
L1i = δid and L2i = dδi.
Their associated quadratic forms are given by
Q1i (ω, ω) = (dω, dω)i and Q
2
i (ω, ω) = (δiω, δiω)i,
respectively.
Theorem 5.2. Let M be a manifold, and let g0, g1 be two smooth complete Riemann-
ian metrics on M that are ε-close for some 0 < ε < 1/2.
Fix A > 0. Then for any λ ∈ σ(k,∆1) ∩ [0, A]
dist(λ, σ(k,∆0)) < c(A) ε
1
3
for some constant c(A) depending only on A. A similar result holds for the essential
spectra of the operators. In particular,
dGH(σ(k,∆1), σ(k,∆0)) = o(1),
where o(1)→ 0, as ε→ 0.
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Proof. Given that the ∗-operator is an isometry in the respective metric, for all 0 ≤
k ≤ n, we have
Dom(k,L2i ) = Dom(n− k,L1i )
for i = 0, 1. Moreover,
σ(k,L2i ) = σ(n− k,L1i ).
The same holds true for the essential spectrum.
Since d is metric independent, and since Dom(k,L11)∩Dom(k,L10) ⊃ C, where C is
the space of smooth forms with compact support, by the ε-closeness of the metrics
we have
(1− ε)Q10(ω) ≤ Q11(ω) ≤ (1 + ε)Q10(ω)
for any ω ∈ C. In other words, the operators L11 and L10 are ε-close. For any λ ∈
σ(k,L11) ∩ (0, A], by Lemma 5.1, we have
dist(λ, σ(k,∆0)) ≤ dist(λ, σ(k,L10)) < c(A) ε
1
3 .
The case λ = 0 can be treated directly. If 0 ∈ σ(∆1), we claim
dist(0, σ(∆0)) ≤ 100ε.
If not, then there exists ε0 such that dist(0, σ(∆0)) > 100ε0. Let ω be a smooth
compactly supported k-form such that ‖ω‖1 = 1 and
‖∆1ω‖1 < ε0.
Then
‖dω‖1 ≤ √ε0, ‖δ1ω‖1 ≤ √ε0.
Set η = ∆−10 ω, η1 = dη and η2 = δ0η. Then
‖η‖0 ≤ 1
100ε0
, ‖η1‖0 ≤ 1
5
√
ε0
, ‖η2‖0 ≤ 1
5
√
ε0
, and ‖dη2‖0 ≤ 2.
Therefore,
|(ω, δ0η1)0| = |(dω, η1)0| ≤ ‖dω‖0 · ‖η1‖0 ≤ 2‖dω‖1 · ‖η1‖0 ≤ 2
5
.
Moreover,
|(ω, dη2)1| = |(δ1ω, η2)1| ≤ ‖δ1ω‖1 · 2‖η2‖0 ≤ 2
5
,
whereas by the ε-closeness of the metrics we have
|(ω, dη2)1 − (ω, dη2)0| ≤ 2ε‖dη2‖0 ≤ 4ε.
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As a result,
|(ω, dη2)0| ≤ 2
5
+ 4ε.
Observing that ω = δ0η1 + dη2 and combining the above estimates we get
‖ω‖1 = |(ω, δ0η1)0 + (ω, dη2)0| ≤ 4
5
+ 4ε <
9
10
which gives a contradiction for ε small enough. This completes the proof. 
The following corollary is now immediate.
Corollary 5.3. Let M be a complete noncompact manifold, and let {gε}ε∈[0,1/2] be a
family of smooth complete Riemannian metrics on M such that
(1− ε)g0 ≤ gε ≤ (1 + ε)g0.
Then
dGH(σ(k,∆ε), σ(k,∆0)) = o(1),
where o(1) → 0, as ε → 0. A similar result holds for the essential spectrum of the
operators.
The Corollary implies that if for a sequence of εm → 0 there exists a sequence of
points λεm → λ > 0 with the property λεm ∈ σess(∆εm) for all m, then λ ∈ σess(∆0).
In other words, if λ /∈ σess(∆0), then there exists a δ > 0 such that λ /∈ σess(∆ε) for
all ε < δ.
WhenM is a compact manifold the Gromov-Hausdorff convergence of the spectrum
implies that for any given k, the k-th eigenvalues are convergent as ε→ 0. Therefore,
we recover Dodziuk’s result [14].
6. A Localization Theorem
In the remaining sections we be will considering the k-form spectrum of manifolds
which are asymptotically flat or whose Ricci curvature is asymptotically nonnegative.
Here we will show that the bottom of the essential spectrum of such manifolds is
reflected in a sequence of large geodesic balls.
We first introduce the Gromov cover. Let Ω ⊂ Ω˜ be two open sets of a complete
Riemannian manifold M . Assume that on Ω˜, the Ricci curvature satisfies Ric ≥
−(n− 1)R−2 for some R > 1. Assume that
dist(∂Ω˜,Ω) > 0.
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Let 0 < R < dist(∂Ω˜,Ω). Let x1, · · · , xN (N may be infinite) be a set of points in Ω
such that
d(xi, xj) ≥ R for all i 6= j, and
N⋃
i=1
Bxi(R) ⊃ Ω.
Such a cover, which always exists, is called the Gromov cover. Let y be a point in
the intersection of s of the balls Bxi(2R),
y ∈ Bxi1 (2R) ∩ · · · ∩Bxis (2R).
Then, since the Bxi(R/2) are disjoint, we have
s∑
j=1
Vol(Bxij (R/2)) ≤ Vol(By(5R/2)).
At the same time, By(5R/2) ⊂ Bxik (9R/2) for any k = 1, · · · , s and by the Bishop-
Gromov volume comparison theorem (and our Ricci curvature assumption), we get
Vol(Bxik (9R/2)) ≤ C Vol(Bxik (R/2))
for some uniform constant C = C(n), and for any k = 1, · · · , s. Combining the above
we obtain
s∑
j=1
Vol(Bxij (R/2)) ≤ C Vol(Bxik (R/2))
and therefore s ≤ C = C(n).
For each i = 1, · · · , N we define the cut-off functions 0 ≤ ϕi(x) ≤ 1 such that
ϕi(x) = 1 whenever d(x, xi) ≤ R,
ϕi(x) = 0 whenever d(x, xi) ≥ 2R, and
|∇ϕi| ≤ C/R
for some uniform constant C.
We let
(14) ρi(x) =
ϕi(x)√∑N
j=1 ϕ
2
j (x)
and observe that
∑N
i=1 ρ
2
i (x) = 1 on M and
∑N
i=1 ϕ
2
i (x) ≥ 1 for x ∈ Ω. Since the
supports of the ϕi(x) cover each point of Ω at most C(n) times, we can also show
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that for some uniform constant C
|∇ρi(x)| ≤ C/R
for all x ∈ Ω.
Setting ωi = ρiω, we have
‖∇ωi‖2 = (|∇ρi|2ω, ω) + 2(∇ρiω, ρi∇ω) + (ρ2i ∇ω,∇ω).
Since the supports of the ρi also cover each point of Ω at most C(n) time, we have
(15)
N∑
i=1
‖∇ωi‖2 ≤ C
R2
‖ω‖2 + ‖∇ω‖2
for a uniform constant C, where we have used the fact that
∑N
i=1 ρ
2
i = 1 and, as a
result, 2
∑N
i=1 ρi∇ρi = 0.
Denote by λesso (k,∆,M) the bottom of the essential spectrum of the Laplacian on
k-forms over M .
For any open subset Ω ⊂ M we consider the Friedrichs extension of the Laplacian
on k-forms over Ω which we denote by ∆. Let
λo(k,∆,Ω) = inf
ω∈C∞o (Λk(Ω))
(∆ω, ω)
‖ω‖2
be the infimum of the Rayleigh quotient for ∆ over compactly supported forms in Ω.
Lemma 6.1. Let M be a complete noncompact Riemannian manifold whose Ricci
curvature is asymptotically nonnegative at infinity. Let R > 1 be a positive constant
and 0 ≤ k ≤ n. Consider the open subset of M
(16) ΩR = {x ∈M
∣∣ Ric(x) ≥ −(n− 1)R−2 }.
Then there exists a point x ∈ ΩR and a uniform constant C(n) such that
λo(k,∆, Bx(R)) ≤ λesso (k,∆,M) +
C(n)
R2
.
We can in fact choose x such that Bx(R) ⊂ ΩR.
Proof. Since the Ricci curvature is asymptotically nonnegative, ΩR is the complement
of a compact subset of M . Therefore
λesso (k,∆,M) = λ
ess
o (k,∆,ΩR).
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Let Ω be a compact domain of ΩR whose diameter is larger than R and such that
{x ∈M | d(x,Ω) ≤ 5R} ⊂ ΩR. We take a Gromov cover
N⋃
i=1
B(xi, R) ⊃ Ω
with respect to R. Let ω be any smooth k-form with compact support in Ω. Setting
ωi = ρiω as above, we get
N∑
i=1
(∆ωi, ωi) =
N∑
i=1
‖∇ωi‖2 + (Wkωi, ωi)
by the Weitzenbo¨ck formula, where Wk is the Weitzenbo¨ck tensor on k-forms. Then
by (15), we have
(17)
N∑
i=1
(∆ωi, ωi) ≤ C
R2
‖ω‖2 + (∆ω, ω).
Therefore,
inf
i
λo(k,∆, B(xi, R)) ‖ω‖2 ≤ C
R2
‖ω‖2 + (∆ω, ω),
and the lemma is proved. 
We will use the above lemma to prove a stronger result for the bottom of the
essential spectrum of M .
Lemma 6.2. Let M be a complete Riemannian manifold whose Ricci curvature is
asymptotically nonnegative at infinity. Then there exists a sequence of pairs S =
{(xi, Ri)} with xi ∈M and Ri ∈ R+ satisfying
(1) xi, Ri →∞ as i→∞,
(2) the geodesic balls Bxi(Ri) are disjoint, and
(3) Ric ≥ −(n− 1)R−2i on Bxi(Ri).
Then for any R′i < Ri, R
′
i →∞, we have
λesso (k,∆,M) = lim
i→∞
λo(k,∆, Bxi(R
′
i)).
Proof. From the definition, it is clear that
λesso (k,∆,M) ≤ lim
i→∞
λo(k,∆, Bxi(R
′
i)).
The reverse inequality follows from Lemma 6.1. 
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Definition 6.3. The sequence S is called a minimal sequence.
Remark 6.4. A minimal sequence plays a very important role in locating the essen-
tial spectrum of the manifold M and it in fact contains all spectral information for
manifolds with computable spectrum. By its definition, the minimal sequence is not
unique. In particular, by Lemma 6.2, there exists a lot of flexibility in choosing the
sequence R′i < Ri which can be made to go to infinity very slowly.
Remark 6.5. In spite of what we had previously anticipated, the analogous result on
manifolds with Ricci curvature bounded below seems not to be true, even in the case
of the function spectrum. Let Mi be a sequence of compact hyperbolic spaces whose
diameters go to infinity. We construct a complete manifold by joining consecutive
hyperbolic manifolds in this sequence using hyperbolic necks (cf. [38]). It is clear that
the first Dirichlet eigenvalue of a ball of radius R satisfies
λo(Bxi(R)) ≥
1
4
(n− 1)2
for any fixed large number R > 0. On the other hand, the infimum of the essential
spectrum of the manifold is zero, by considering the constant function on the large
compact hyperbolic manifold with two small necks attached.
7. The Spectrum of Asymptotically Flat Manifolds
In this section, we consider the Gromov-Hausdorff limit of a minimal sequence on
an asymptotically flat manifoldM and prove that this sequence captures the essential
spectrum of the manifold. In general, the limit space of these geodesic balls need only
be a metric space and not necessarily smooth. However, the asymptotic flatness of
M gives us the flexibility to find a cone at infinity with mild singularities. We can
then use the spectrum of the limit space to compute the spectrum of M .
Let S = {(xi, Ri)} be a minimal sequence forM as in Lemma 6.2. By asymptotical
flatness we may assume that the curvature of these balls decays to zero at such a
rate so that the exponential map at xi is nondegenerate within the balls Bxi(2Ri)
(see Proposition 4.13 in [10]). Let I(x) denote the injectivity radius of a point x
in Bxi(Ri). Given the curvature bound on Bxi(2Ri) we apply [12, Corollary 1] with
d ≤ 2Ri and T = d/2 to obtain
Lemma 7.1. Let S = {(xi, Ri)} be a minimal sequence of geodesic balls in M . Then
there exists a universal constant C, such that
I(x) ≥ C I(xi)
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for any point x ∈ Bxi(Ri).
There are two distinct cases of convergence: the noncollapsing case (when the
injectivity radius at xi is uniformly bounded below), and the collapsing case (when
the injectivity radius at xi goes to zero). We will study these two cases separately, and
compute the k-form essential spectrum in each one. In the noncollapsing case there
is a distinction among two subcases, depending on how large the injectivity radius
becomes in the limit. This gives us more precise information about the spectrum.
In this section we will prove the noncollapsing cases of Theorem 1.2. First we recall
the following result from [5]. For a compact manifold Sn−s denote by λS(l) the
smallest eigenvalue of the Laplacian ∆S on l-forms, for 0 ≤ l ≤ n − s. Note that
λB(l) = λB(n− s− l).
Definition 7.2. Define α(B, s, n, k) = 0 when s ≥ n/2, or when s < n/2 and either
0 ≤ k ≤ s, or n−s ≤ k ≤ n. Define α(B, s, n, k) = min{λB(k− l) | 0 ≤ l ≤ s}, when
s+ 1 ≤ k ≤ n/2, and α(B, s, n, k) = α(B, s, n, n− k), when n/2 < k ≤ n− s− 1.
As we proved in [5], the product manifold Mn = Sn−s × Rs has empty point
spectrum and
σ(k,∆,M) = σess(k,∆,M) = [α(S, s, n, k),∞).
Moreover, we showed the following.
Theorem 7.3 ([5]). Let X = Rn/Γ be a flat noncompact Riemannian manifold.
Then, there exists a compact flat manifold S of dimension n− s such that
σ(k,∆,Rn/Γ) = σess(k,∆,R
n/Γ) = σess(k,∆, S
n−s × Rs) = [α(S, s, n, k),∞).
Proof of Theorem 1.2, Cases (i), (ii): By [23, Theorem 6.7] (see also [25, (8.20)]),
whenever we have a convergent sequence of pointed manifolds (M,xi) with injectivity
radius uniformly bounded below and bounded curvature, the limit space (X, p) is a
smooth manifold with a C1,α-metric tensor. In Case (i) the limit space must be the
pointed Euclidean space (Rn, 0) endorsed with the flat metric gE. As a result, one
can pull-back test k-forms from the Euclidean space into the manifold as in Theorem
7.4 below, and obtain σess(k,∆,M) = [0,∞).
In Case (ii), the limit space is a flat complete noncompact manifold (X, p). Sim-
ilar to Case (i), by Theorem 7.4 below we get [α(S, s, n, k),∞) ⊂ σess(k,∆,M) for
α(S, s, n, k) corresponding to the flat manifold X as given by Theorem 7.3.
Since the sequence {(xi, Ri)} is minimal and the curvature tensor vanishes asymp-
totically on the geodesic balls Bxi(Ri), by Lemma 6.1, there exist k-forms ωi ∈
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C∞o (Bxi(Ri)) such that
λesso (k,∆,M) = lim inf
i
‖∇ωi‖2
‖ωi‖2 .
On the other hand, the convergence of the Bxi(Ri) to X is in the C1,α-sense. Therefore
the bottom of the Rayleigh quotient of Bxi(Ri) converges to bottom the Rayleigh
quotient of X which is α(S, s, n, k). Therefore, λesso (k,∆,M) = α(S, s, n, k). This
completes the proof of Case (ii). 
Theorem 7.4. Let (M, gM) and (X, gX) be two complete noncompact manifolds.
Assume that there exists a sequence {(xi, Ri)} with the property that xi → ∞ and
Ri → ∞, and all the balls Bxi(Ri) are disjoint. Moreover, assume that for a fixed
point p ∈ X and a sequence of εi → 0 there exist differentiable maps
fi : Bxi(Ri)→ Bp(Ri)
such that
(18) |(fi)∗(gM)− gX |gX < εi.
Then
σ(k,∆X) ⊂ σess(k,∆M).
Proof. As in the proof of Theorem 5.2, it will suffice to show that
σ(k,L1X) ⊂ σess(k,L1M)
where L1M = δMdM and L1X = δXdX . We will treat the case 0 ∈ σ(k,∆X) separately.
Denote the L2 pairing on (M, gM) by (· , ·)M and on (X, gX) by (· , ·)X. The respec-
tive norms will be denoted by ‖ · ‖M and ‖ · ‖X . By Corollary 2.3 to the generalized
Weyl Criterion, for any λ ∈ σ(k,L1X), λ > 0, there exists a sequence of compactly
supported k-forms {ψj}j∈N with ‖ψj‖X = 1 such that for m = 1, 2
(19) | ( (L1X + 1)−mψj , (L1X − λ)ψj)X | → 0.
By considering a subsequence of ψj if necessary, we may in fact assume that the
support of ψj lies in Bp(Rj) ⊂ X . We let ωj = (fj)∗(ψj), which are k-forms on
Bxj (Rj) with compact support. Similar to the proofs of Theorem 3.4 and Lemma 3.3
and using assumption (18), we have∣∣( (L1M + 1)−m(fj)∗ψj , (L1M − λ)(fj)∗ψj )M−( (L1X + 1)−mψj , (L1X − λ)ψj )X∣∣
≤ Cεj‖(fj)∗ψj‖2M
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for some constant C independent of j. We then obtain
| ( (L1M + 1)−m(fj)∗ψj , (L1M − λ)(fj)∗ψj)M | ≤ 2Cεj‖(fj)∗ψj‖2M
for all j large enough and m = 1, 2. Applying Corollary 2.3, we get λ ∈ σess(k,L1M).
If 0 ∈ σ(k,∆X), then we can prove directly that 0 ∈ σess(k,∆M). This completes
the proof. 
8. The Collapsing Case: Smooth Limit
We now consider Case (iii) of Theorem 1.2. Let {(xi, Ri)} be a minimal sequence.
Let Mi = Bxi(Ri) and denote by gi = g
∣∣
Mi
the restriction of the Riemannian metric
to each ball. Let Rgi be the curvature tensor of gi. Assume that the injectivity radius
of Mi at xi tends to zero and the sequence (Mi, xi) converges to a pointed metric
space (X, p).
For precision, we will denote by (M,x, g, R) the geodesic ball of radius R at the
point x of the manifold M which is endowed with the metric g. To simplify notation
we will sometimes use M , (M,x), Bx(R), or M(R) to denote the same ball if there
is no confusion.
As we have mentioned in the proof of Lemma 7.1, the curvature assumption on Mi
implies that the exponential map at xi
expxi : TxiM →Mi
is nondegenerate on vectors of norm at most Ri. We also use gi to denote the pull
back exp∗xi gi of the metric to the tangent space Txi(M). The pointed manifolds
(TxiM, 0, gi, Ri)
now have injectivity radius uniformly bounded below. Let
Γi = π1(Mi, xi, gi, Ri)
denote the local pseudofundamental group. This is defined in [23] as
π1(Mi, xi, gi, Ri) = {γ : (TxiM, 0, gi, Ri)→ (TxiM, 0, gi, 2Ri)
∣∣ γ is an isometric
embedding with γ(0) ∈ (TxiM, 0, gi, Ri), and expxi ◦γ = expxi}.
By Theorem 6.12 and Sublemma 8.10 in [23], a subsequence of ( (TxiM, 0, gi, Ri),Γi)
converges in the equivariant pointed Gromov-Hausdorff topology to
( (Rn, 0, gE,∞), G) ,
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where G is a closed subgroup of E(n), the isometry group of Rn. By definition there
exist equivariant Hausdorff approximations
(20) f˜i : (TxiM, 0, gi, Ri)→ (Rn, 0, gE,∞) and hi : Γi → G
such that for any ε > 0, and taking i large enough, we get
d(hi(γ)(f˜i(x)), f˜i(γ(x))) < ε
for all x ∈ TxiMi(Ri), γ ∈ Γi satisfying d(x, xi), d(γ(x), xi) < 1/ε (see Definition 6.11
in [23]). The hi are not necessarily homomorphisms.
By Lemma 7.9 in [23] (TxiM(2Ri), 0)/Γi is isometric to Bxi(Ri) inM . Using Lemma
6.13 of the same paper, we get
Proposition 8.1. Let X = Rn/G. The pointed balls (Mi, xi, gi, Ri) collapse in the
pointed Gromov-Hausdorff distance to (X, 0, g∞,∞), where G is a closed Lie subgroup
of E(n).
Consider a sequence εi → 0 such that √εiRi → ∞ and ε−1i Rgi → 0. When
we rescale the metric of M to g˜i = εigi the ball (Mi, xi, gi, Ri) gets mapped to
(Mi, xi, εigi,
√
εiRi). We denote the rescaled ball
M˜i = (Mi, xi, εigi,
√
εiRi).
The curvature of M˜i is given by ε
−1
i Rgi, and therefore still vanishes as i→∞. Simi-
larly, a subsequence of (Mi, xi, εigi,
√
εiRi) collapses to a metric space (X
′, x′∞, g
′
∞,∞).
Let
σi : (Mi, xi, gi, Ri)→ (Mi, xi, εigi,√εiRi)
denote the diffeomorphism which corresponds to the above rescale of the metric. Then
we have the commutative diagram
(21)
(Mi, xi, gi, Ri)
σi−−−→ (Mi, xi, εigi,√εiRi)y y
(X, x∞, g∞,∞) −−−→ (X ′, x′∞, g′∞,∞)
.
The following result is well-known
Lemma 8.2. The blow down of the metric space X exists, and X ′ is one of its possible
blow downs.
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To obtain Theorem 1.2 in the collapsing case it will be necessary to modify the
minimal subsequence. Lemma 6.1 will play an essential role to this purpose.
We take R′i = δε
−1/2
i (< Ri) for some positive number δ > 0. By Lemma 6.1, there
exist yi ∈ Mi such that {(yi, R′i)} is also a minimal sequence. To simplify notation
we will still denote yi by xi. Then (21) becomes
(22)
(Mi, xi, gi, δε
−1/2
i )
σi−−−→ (Mi, xi, εigi, δ)y y
(X, x∞, g∞,∞) −−−→ (X ′, x′∞, g′∞, δ)
.
The structure of the blow down space X ′ will be critical in the computation of the
spectrum of M . We will refer to it as a cone at infinity, in accordance with most
literature.
Definition 8.3. Fix δ > 0. The metric space (X ′, x′∞, g
′
∞, δ) is a cone at infin-
ity for the minimal sequence (Mi, xi, gi, Ri) if there exists a sequence εi → 0 such
that ε−1i Rgi → 0 and the sequence (Mi, xi, εigi, δ) converges in the pointed Gromov
Haussdorff sense to (X ′, x′∞, g
′
∞, δ).
In this section we assume that the pointed metric space (X ′, x′∞, g
′
∞, δ) is smooth.
Moreover, by shrinking δ if necessary, we may assume that the injectivity radius of
x′∞ at X
′ is bigger than δ. In particular, (X ′, x′∞, g
′
∞, δ) is diffeomorphic to a small
open ball of Rn.6
By the smoothing theorems of Cheeger-Gromov and Abrech, we may assume that
the metrics εigi on (Mi, x
′
i, εigi, δ) and g
′
∞ on (X
′, x′∞, g
′
∞, δ) are A-regular as in
[11, Theorem 1.12]. In particular, the higher order derivatives of the curvature of
(X ′, x′∞, g
′
∞, δ) are bounded. As a result, the curvature of X
′ is also bounded.
Let
fi : (Mi, xi, εigi, δ)→ (X ′, x′∞, g′∞, δ)
be the smoothing fibrations defined in [11, Theorem 2.6]. We can in fact require that
the functions fi satisfy (2.6.1) through (2.6.7) in [11, page 338]. In particular,
(23) |∇kfi| ≤ C(k)
for any k, independent of i.
6Here we need to use Lemma 6.1 again.
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Define the maps
(24) Fi : (TxiMi, 0, εigi, δ)→ (X ′, x′∞, g′∞, δ)
via composition with the exponential map π = expxi : TxiMi → Mi. Note that
Fi(x) = f˜i(εi x), where the f˜i are defined in (20).
Remark 8.4. Even though the curvatures of TxiMi tend to zero, the limit space X
′
need not be flat. This can be seen in the following example. Let R2×R1 be the flat 3-
dimensional Euclidean space, which we identify with C1×R1. Consider the Z-action
on C1 × R1 given by
(z, x) 7→ (einz, n + x)
for n ∈ Z. Let
Mε = C
1 × R1/εZ.
Then Mε converges in the Gromov-Hausdorff sense to C
1 × R1/R = R2 endowed with
the metric
g = dr2 +
r2
r2 + 1
dθ2
written in polar coordinates, which has strictly positive curvature.
We will now prove that the spectrum on the minimal sequence can be computed as
if these balls were the product of Euclidean balls with almost flat manifolds. Although
the proof is quite technical, the idea itself is simple. By the classical O’Neill Theorem
for a Riemannian submersion, the curvatures of the two Riemannian metrics, the
second fundamental form of the fibers, and the curvature of the horizontal distribution
of the fibrations are all related. In particular, whenever three of the above quantities
are small, then so is the fourth one. In our setting, by Cheeger-Fukaya-Gromov theory
the fibrations are almost submersive. Moreover, after rescaling the metrics εigi back
to gi, both the curvature of Mi and that of X
′ are sufficiently small. As a result, the
curvature of the horizontal distribution of the fibration is also small, proving that the
fibrations are almost product.
To simplify notation we will suppress i below. Fix a point p ∈ M(δ) and let
p∞ = F (p). Let q = dimX ′. Note that q < n. We let (x1, · · · , xn) and (y1, · · · , yq)
be harmonic coordinate systems at p and p∞ respectively. Without loss of generality,
we assume that p = p∞ = 0. Denote by Dk the ordinary kth order derivatives with
respect to these coordinates. Then from (23) and the harmonicity of the coordinate
systems, we have
|DlF | ≤ C˜(l),
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where C˜(l) are constants depending only on l.
By using a linear map at TxM we may assume that
∂yβ
∂xα
(0) = δαβ for 1 ≤ α, β ≤ q
∂yβ
∂xα
(0) = 0 for α > q.
(25)
By the implicit function theorem, there exists a neighborhood O of 0 ∈ TxM on
which the coordinates xq+1, · · · , xn are local coordinates of the fiber F−1(0). More-
over, since the derivatives of F are bounded then, by shrinking δ if necessary, we
have
(1) for each t ∈ X ′(δ), (xq+1, · · · , xn) is a local coordinate system of the fiber
F−1(t) near p = 0. Here we use X ′(δ) to denote (X ′, x′∞, g
′
∞, δ) for short;
(2) On each fiber F−1(t), the derivatives of x1, · · · , xq with respect to xq+1, · · · , xn
are bounded independently of i.
Let V =
∑q
β=1 bβ
∂
∂yβ
be a vector field on X ′(δ) ⊂ X ′. Then there exists a unique
lift V˜ on both (M,x, εg, δ) and (TxM, 0, εg, δ) such that
dF (V˜ ) = V and
V˜ is normal to the fibers.
(26)
To simplify notation, we do not distinguish the vector fields on (M,x, εg, δ) and
(TxM, 0, εg, δ).
For α > q the vector field ∂/∂xα, in the coordinate system (xq+1, · · · , xn), is tangent
to the fiber. As a vector field on TxM , it is represented by
∂
∂xα
=
∂
∂xα
+
∑
β≤q
∂xβ
∂xα
∂
∂xβ
:=
n∑
β=1
Cα,β
∂
∂xβ
.
Let V˜ =
∑n
α=1 aα
∂
∂xα
be the lift. Then by (26), V˜ satisfies
n∑
α=1
aα
∂yβ
∂xα
= bβ for β ≤ q, and
n∑
β,ν=1
aνCα,β gβν = 0 for α > q.
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We consider the n× n matrix (ξαβ) defined by
ξαβ =
{ ∂yα
∂xβ
α ≤ q, β ≤ n∑n
ν=1Cα,ν gνβ α > q, β ≤ n
.
Then ξαβ(0) is nonsingular. By the implicit function theorem (and by shrinking δ
if necessary) the aα, or in other words the lift vector field V˜ , are uniquely determined
by F . Moreover, all the derivatives of V˜ are uniformly bounded.
X ′(δ) is diffeomorphic to a ball of radius δ in Rq via the exponential map. Let
~b = (b1, · · · , bq) ∈ Rq be a vector such that ‖~b‖ < δ. We identify ~b with the vector
field
q∑
j=1
bj
∂
∂yj
,
on X ′(δ). The unique lift of ~b is denoted by V˜ i~b or V˜~b.
Now consider the flow σ˜ defined by the vector field V~b on M such that
dσ˜
dt
= V˜~b, σ˜(0) ∈ F−1(0)
and the corresponding flow on X ′
dσ
dt
= ~b, σ(0) = 0.
By definition, we have F ◦ σ˜ = σ.
Lemma 8.5. By further shrinking δ if necessary, the flow provides the diffeomorphism
ν : F−1(0)×X ′(δ)→ F−1(X ′(δ))
(z,~b) 7→ σ˜(1)
where σ˜ is the flow of V˜~b with initial value σ˜(0) = z.
Proof. Given that all the derivatives of F and V˜~b are bounded (and the map is not
degenerate), we conclude that the map is a diffeomorphism for δ sufficiently small. 
F−1(0) × X ′(δ) carries a natural Riemannian product metric. We shall compare
this metric to the metric on F−1(X ′(δ)) via the diffeomorphism defined in the above
lemma. F is an “almost” submersion (as in [11, page 337]) in the sense that
‖~b‖ = ‖dF (V˜~b)‖ ≈ ‖V˜~b‖,
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and the fiber is “almost” totally geodesic. However, these properties are not suffi-
cient to make the metric on F−1(X ′(δ)) “close” to the product metric. According
to O’Neill’s theorem, a submersion with totally geodesic fibers does not necessarily
correspond to a product structure on the manifold, and this obstruction is reflected
in the A-tensor as defined in [35]. Given the above obstruction, we will use a rescaling
argument to find a nearby flat metric to F−1(X ′(δ)).
We scale back and reintroduce the subscript i. Endow F−1i (0) with the metric that
is given by the restriction of gi. Endow X
′(δ) with the metric ε−1i g
′
∞ and F
−1
i (0) ×
X ′(δ) with the product metric ε−1i (gi × g′∞).
X ′(δ) = (X ′,∞′, g′∞, δ) is rescaled to the manifold (X ′, x′∞, ε−1i g′∞, δε−1/2i ).
We will study V i~b as i → ∞ on the space (Mi, xi, gi, δε
−1/2
i ). First, we rescale the
coordinate systems to
(x1, · · · , xn)→ (ε−1i x1, · · · , ε−1i xn) and
(y1, · · · , yq)→ (ε−1i y1, · · · , ε−1i yq).
We also use (x1, · · · , xn) and (y1, · · · , yq) for the new coordinates to simplify notation.
We observe that the functions Fi under these two coordinate systems are scaled in
the following way
(1) the first order derivatives are not scaled;
(2) all of the higher order derivatives tend to zero.
By the above observation, using (25), we have
ξαβ → I as i→∞.
Let gˆi be the product metric induced by gi on F
−1
i (0) and ε
−1
i g
′
∞. The key lemma
of this section is the following
Lemma 8.6. For any ε > 0 and any ρ≫ 0, we have
|ν∗(gi)/gˆi − 1|gˆi < ε
on (Mi, xi, gi, ρ).
Proof. Both gi and gˆi are invariant under the local pseudo fundamental group. There-
fore we can compare them over the tangent spaces TxiMi. It is obvious that as i→∞
both limits
g∞ = lim
i→∞
gi, gˆ∞ = lim
i→∞
gˆi
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exist and are flat. What we need to prove is that
g∞ = gˆ∞.
First, by restricting to F−1i (0), both g∞ and gˆ∞ are the same. It is also not difficult
to see that V ∞~b is orthogonal to the fibers on both metrics. Second, by [11], the
maps Fi are “almost” submersions which implies that the limit F∞ is a submersion.
Therefore, the norm of V ∞~b is the same with respect to either metric. This concludes
the proof. 
In summary, we proved the following
Theorem 8.7. Assume that for some sequence εi → 0 such that ε−1i Rgi → 0, and
a fixed δ > 0 the limit (X ′, x′∞, g
′
∞, δ) of the sequence (Mi, xi, εigi, δ) is a manifold.
Then for any x ∈ (X ′, x′∞, g′∞, δ), and some δ > 0 the fibration
fi : (Mi, yi, gi, δε
−1/2
i )→ (X ′, x, g′∞, δε−1/2i )
is almost product, where fi(yi) = x.
When the limit space X ′ of the rescaled sequence M˜i is smooth then for any x ∈ X ′
f−1i (x) is an almost flat manifold of dimension n− s [11, Theorem 2.6]7. We endow
f−1i (x) with a metric that is given by the restriction of gi to this fiber. For any
0 ≤ k ≤ n, define
λexp = lim inf
i→∞
inf
x∈X′
α(f−1i (x), s, n, k)
to be the expected infinium of the essential spectrum, where α(f−1i (x), s, n, k) is as in
Definition 7.2. We will show the following
Theorem 8.8. Using the above notations, for any 0 ≤ k ≤ n, we have
λexp = λ
ess
o (k,∆,M).
Remark 8.9. The definition of λexp depends on the approximation functions fi, there-
fore it is not intrinsically defined. The above theorem however, shows us that it is
indeed intrinsic, because it is equal to the infimum of the essential spectrum.
Proof of Theorem 8.8. By Lemma 6.1, for any R ≫ 0, there exists a point yi ∈
(Mi, xi, gi, δε
−1/2
i ) such that the balls M¯i = (Mi, yi, gi, R) satisfy
λo(k,∆i, M¯i) ≤ λesso (k,∆,M) +O(R−2)
7Possibly, s depends on i, but we can always choose a subsequence.
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as R→∞, where δ is as in Theorem 8.7. This implies that
λexp ≤ λesso (k,∆,M).
To prove the reverse inequality, we choose x ∈ X ′. Then in the δ neighborhood of
x, for i≫ 0, the fibration fi is almost product in the sense of Theorem 8.7. It is thus
clear that
λexp ≥ λesso (k,∆,M) + o(1).
The theorem is proved. 
9. The Collapsing Case: Singular Limit
The complexity of computing the spectrum in the collapsing case lies in the fact
that the singular set of the cone at infinity X ′ of the rescaled sequence M˜i can be fairly
complicated. In this section we will study two interesting cases for which the essential
spectrum is computable. In the first case we will suppose that the singular locus of
the cone at infinity X ′ consists of an isolated point. We will prove the following result.
Theorem 9.1. Let M as in Theorem 1.2. Assume that the minimal sequence of
geodesic balls is collapsing and that for some sequence εi → 0 as in Definition 8.3 the
cone at infinity X ′ has a single singularity point. Then σess(k,∆M) is either empty,
or a connected interval.
Proof. Without loss of generality we assume that the singular point is x′∞, the limit
of the xi. Otherwise one can shrink the sequence a little bit.
Consider the k-eigenforms ωi on M i = (Mi, xi, gi, δε
−1/2
i ) such that
∆iωi = λiωi, |ωi||∂M i = 0,
where λi ≥ 0 is the first eigenvalue of the Laplacian ∆i on M i.
Let ω˜i be the lift of ωi to the tangent space (TxiM i, 0, gi, δε
−1/2
i ) given via the
covering map
(TxiM¯i, 0, gi, δε
−1/2
i )→ M¯i
and chose ωi such that ω˜i satisfies ‖ω˜i‖L2(TxiM¯i(4)) = 1.
By (20), we have the Gromov-Hausdorff convergence
f˜i : (TxiM¯i, 0, gi, R)→ (Rn, 0, gE, R)
where gE is the flat metric on R
n. Since we assume that the metrics gi are A-regular
in the sense of [11], the above convergence is in the C∞-sense.
THE SPECTRUM OF THE LAPLACIAN ON FORMS 37
By passing to a subsequence if necessary, we have that
ω˜i → ω˜∞
in the C∞-sense. Since ‖ω˜i‖TxiM¯i(4) = 1, we have ‖ω˜∞‖B(0,4) = 1, where B(0, 4) is the
Euclidean ball of radius 4 centered at 0. Therefore, the limit form ω˜∞ is nonzero.
Moreover, ‖ω˜∞‖Rn =∞ since ω˜∞ is a nonzero eigenfunction on Rn. This implies that
lim
i→∞
‖ω˜i‖TxiM¯i(δε−1/2i ) =∞.
As a result, for each m ∈ N there exists an i(m)→∞ such that
‖ω˜i‖TxiM¯i(δε−1/2i ) ≥ 2‖ω˜i‖TxiM¯i(m).
Let Γi denote the local pseudofundamental group as in the previous section. By
taking the quotient with the discrete group Γi we have
(27) ‖ωi‖M¯i ≥ 2‖ωi‖Bxi(m).
Let m and i = i(m) as above. As in Section 6 we construct a Gromov cover on
M¯i but in a slightly different manner; the Gromov cover includes the ball of radius
of radius m at xi, Bxi(m), and a finite number of balls {Byj (m/8)}Nj=1 that cover
M¯i \ Bxi(m/2), such that yi ∈ M¯i \ Bxi(m/2) and each point in M¯i \ Bxi(3m/4) is
covered at most C(n) times. For each j = 1, . . . , N we let φj be the cut-off functions
on Byj (m/8) as in Section 6, and let φo be the cut-off function which is equal to 1 on
Bxi(m/2) and vanishes outside Bxi(m). Let ρj as in (14) and assume that
‖∇(ρjωi)‖2 ≥ λˆ‖ρjωi‖2
for all j = 1, . . . , n. Since
‖∇(ρoωi)‖2 ≥ λesso ‖ρoωi‖2
we have
λˆ
N∑
j=1
‖ρjωi‖2 + λesso ‖ρoωi‖2 ≤
N∑
j=1
‖∇(ρjωi)‖2 + ‖∇(ρoωi)‖2
≤
(
C(n)
m2
+ λesso + o(1)
)
‖ωi‖2
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by equation (15) and the fact that we have a minimal sequence. Since
‖ωi‖2 =
N∑
j=1
‖ρjωi‖2 + ‖ρoωi‖2
we get
λˆ
N∑
j=1
‖ρjωi‖2 ≤
(
C(n)
m2
+ λesso + o(1)
) N∑
j=1
‖ρjωi‖2 +
(
C(n)
m2
+ o(1)
)
‖ρoωi‖2.
On the other hand, (27) implies that
‖ρoωi‖2 ≤ ‖ωi‖Bxi(m) ≤
1
2
‖ωi‖M¯i =
1
2
‖ρoωi‖2 + 1
2
N∑
j=1
‖ρjωi‖2
⇒ ‖ρoωi‖2 ≤
N∑
j=1
‖ρjωi‖2.
Applying this estimate to the right side of the inequality above we have
λˆ
N∑
j=1
‖ρjωi‖2 ≤
(
C ′(n)
m2
+ λesso + o(1)
) N∑
j=1
‖ρjωi‖2
and we conclude that
λˆ ≤ C
′(n)
m2
+ λesso + o(1).
In other words we can use the balls Byj (m/8) to capture the bottom of the essential
spectrum. Since these balls converge to a smooth subset of X ′, the theorem follows
from the results of Section 8. 
With Theorem 9.1 we have completed the proof of Theorem 1.2.
The second case we consider is when the limit X of the unscaled sequence and a
cone at infinity X ′ have the same dimension and the diameter of the fibers over X
uniformly collapses as i→∞.
Definition 9.2. Let (Mi, xi, gi, δε
−1/2
i ) be a minimal sequence which converges to
(X, x∞, g∞,∞) and let (X ′, x′∞, g′∞, δ) be as in Definition 8.3. We say that the min-
imal sequence is strongly collapsing if the limit spaces X and X ′ have the same di-
mension, the blow down of the singular set of X coincides with the singular set of X ′,
and the diameter of the fibers over X uniformly collapses as i→∞.
THE SPECTRUM OF THE LAPLACIAN ON FORMS 39
We will prove the following.
Theorem 9.3. Let M as in Theorem 1.2. Assume that the minimal sequence of
geodesic balls is strongly collapsing. Then σess(k,∆M) is either empty, or [0,∞).
Proof. Let fi denote the ε approximation maps
(28) fi : (Mi, xi, εigi, δ)→ (X ′, x′∞, g′∞, δ)
for some δ > 0, for i large enough.
Let X ′sing be the singular locus of X
′. Let X ′sing(ε) be the ε-neighborhood of X
′
sing
and denote by ∂X ′(ε) the ε-neighborhood of ∂X ′. Since X ′sing consists of a finite
union of submanifolds, the measure of X ′sing(ε) is no more than O(ε) [24].
For i≫ 0, we consider the points x /∈ X ′sing(ε) ∪ ∂X ′(ε).
Lemma 9.4. Assume that the dimensions of X and X ′ are the same. Let x ∈ X ′ be
a point, and let Zi(x) be the fiber with respect to the fibration (28). Then
diam (Zi(x))/
√
εi → 0
as i→∞.
Proof. If not, then after rescaling back, if there is a δ such that
diam (Zi(x))/
√
εi > δ
for i≫ 0. Thus the dimension of the limit is greater than the dimension of X ′, which
is a contradiction. 
As we have seen in the previous section f−1i (x) is an almost flat manifold of dimen-
sion n− s.
Using the same notation as [30], we note that the fiber Z can be given the structure
of an infranil manifold Z = N/Γ where Γ is a discrete subgroup of Aff(N). Then the
flat connection ∇aff on N descends to a flat coneection on TZ. We denote ∆Z the
Laplacian on forms of this fiber and ∆inv the Laplacian on the space of differential
forms on Z which are parallel with respect to ∇aff .
Let λi(f
−1
i (x), k) denote the first eigenvalue of ∆
Z on k-forms over the fiber Z =
f−1i (x). We have the following result, whose proof we defer to the end of this section.
Lemma 9.5. Suppose that for a point x ∈ X ′ − X ′sing, the fiber Z = f−1i (x) has a
nonzero parallel l-form with respect to the affine connection for some l ≤ n/2. Then
σess(p,∆M) = [0,∞)
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for l ≤ p ≤ n − l if l + s ≥ n/2, and for l ≤ p ≤ l + s and n − (s + l) ≤ p ≤ n − l
otherwise.
Consider k ≤ n/2. If k ≤ s, then it is clear from the previous section that
σess(k,∆M) = [0,∞) by constructing approximating eigenfunctions using the smooth
part of X ′.
If s < k ≤ n/2 we have two cases. If the fiber Z = f−1i (x) has a nonzero parallel
l-form for some l ≥ 1, then by Lemma 9.5 σess(k,∆M) = [0,∞) for l ≤ p ≤ n − l if
l + s ≥ n/2, and for l ≤ p ≤ l + s and n− (s+ l) ≤ p ≤ n− l otherwise.
To complete the proof of the theorem it suffices to show that in the remaining case
the essential spectrum is empty.
Consider the k-eigenforms ωi on Mi = (Mi, xi, gi, δε
−1/2
i ) such that
∆iωi = λiωi, |ωi||∂Mi = 0,
where λi ≥ 0 is the first eigenvalue of the Laplacian ∆i on Mi.
LetR be a large positive number. We rescale ωi such that ‖ωi‖2L2(Mi(R))/Vol(Mi(R)) =
1 where Mi(R) = (Mi, xi, gi, R). For simplicity we will take R = 1.
Suppose that the eigevalues λi are uniformly bounded. Using the asymptotical
flatness of the geodesic balls (and their tangent spaces), the Poincare´ inequality and
a Moser’s iteration argument give us
(29) ‖ωi‖L∞(Mi(1)) ≤ C
for some uniform constant C independent of i.
For any r > 0 define
Yi(r) = {y ∈Mi(1)
∣∣dist(fi(y), Xsing) ≥ r}.
Fix εo > and consider Yi(εo). We claim that there exists a positive constant C such
that for all i≫ 1 there exists a point yi ∈ Yi such that
1
Vol(Mi(1))
∫
Byi(εo/2)
|ωi|2 ≥ Co.
If not, then for any m ∈ N there exists an i = i(m) such that for all y ∈ Yi(εo)
1
Vol(Mi(1))
∫
By(εo/2)
|ωi|2 ≥ 1
m
.
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Taking an ε/2 Gromov cover of Yi(εo) such that at most C(n) balls of radius ε/2
intersect at each point, we have that
1
Vol(Mi(1))
∫
Yi(εo/2)
|ωi|2 ≥ C(n)
m
.
This implies that
1
Vol(Mi(1))
∫
Mi(1)\Yi(εo/2)
|ωi|2 ≥ 1− C(n)
m
≥ 1
2
for all i large enough. Combining this with the uniform bound (29) we get
Vol(Mi(1) \ Yi(εo/2))
Vol(Mi(1))
≥ C
2
independently of εo. But this contradicts the fact that the volume of Mi(1) \Yi(εo/2)
should vanish as εo → 0.
As a consequence of the claim we now have
(30)
∫
Mi(1)
|∇ωi|2∫
Mi(1)
|ωi|2 ≥ Co
∫
Byi(εo/2)
|∇ωi|2∫
Byi(εo/2)
|ωi|2 .
By Proposition 2 in [30]
σ(l,∆Z) ∩ [0, A · diam(Z)−2) = σ(l,∆inv) ∩ [0, A · diam(Z)−2)
for some constant A that depends only on the dimension of Z. The order of the
k-form requires that the form must have a component along the fiber. However, the
absence of parallel l-forms on the fibers Z implies that∫
Byi(εo/2)
|∇ωi|2∫
Byi(εo/2)
|ωi|2 ≥ A · diam(Z)
−2.
As a result, the right side of (30) becomes infinitely large as i→∞. In particular
we get that for any R≫ 1 ∫
Mi(R)
|∇ωi|2∫
Mi(R)
|ωi|2 →∞
as i→∞. This however contradicts the uniform upper bound on the eigenvalues λi.
Therefore λi →∞ and the essential spectrum must be empty. 
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Proof of Lemma 9.5. Denote ‖·‖ = ‖·‖L2(Z). By [37] the covariant Laplacian ∇Z and
∇aff are close on almost-flat manifolds, and their difference is given by the curvature
of the space. Since in our case the curvature of Z approaches 0 as i → ∞ and its
diameter is small, we have that |∇N −∇aff | = o(1).
Let η denote a parallel l-eigenform for ∆inv over the fiber Z, such that ∇affη = 0.
Then
‖∇Zη‖
‖η‖ = o(1).
The lemma follows by the asymptotic flatness of Z. 
10. The k-form Spectrum over Manifolds with Asymptotically
Nonnegative Ricci Curvature
In this final section we will prove Theorem 1.3. For the positive sequence Ri in the
assumption of the theorem, let εi → 0 such that √εiRi ≥ 7 and ε−1i δi → 0. Consider
the rescaled balls8
(Mi, xi, εig,
√
εiRi).
Then
Ric(Mi,xi,εig,
√
εiRi) ≥ −ε−1i δi → 0.
By the Gromov compactness theorem, possibly after taking a subsequence,
(31) (Mi, xi, εig,
√
εiRi)→ (X ′, x′∞, g′∞, Ro)
under the pointed Gromov-Hausdorff distance, where 5 ≤ Ro ≤ ∞ and (X ′, x′∞, g′∞, Ro)
is a pointed complete metric space.
Lemma 10.1. Under the assumption of Theorem 1.3, there exists a sequence pi ∈ Mi,
and a positive sequence ri > 0 with r
−1
i εi → 0, such that
dGH
(
(Mi, pi, r
−1
i εig, 5), (R
q, 0, gE, 5)
)→ 0
as i→∞, for some q > 0. Here gE is the standard Euclidean metric of Rq.
Proof. Let
µi = dGH((Mi, xi, εig, 7), (X
′, x′∞, g
′
∞, 7)).
Then by (31), µi → 0.
Let p ∈ X ′ be a q-regular (q > 0) point defined in [8], which always exists under
the assumption of Ricci curvature uniformly bounded below, and let U be a small
8To simplify notation, and if it is otherwise clear, we also denote by g the restriction, gi, of g to
Mi.
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metric ball of radius δ at p. Since the tangent cone at the q-regular point p is Rq, for
any sequence ri → 0,
σi = dGH((U, p, r
−1
i g
′
∞, δr
−1/2
i ), (R
q, 0, gE, δr
−1/2
i ))→ 0,
Let pi ∈ Mi such that via the ε-Hausdorff approximation maps ϕi : Mi → X ′, we
have ϕi(pi) = p. Then
dGH((Mi, pi, r
−1
i εig, δr
−1/2
i ), (U, p, r
−1
i g
′
∞, δr
−1/2
i )) ≤ r−1i µi.
By the triangle inequality, we have
dGH((Mi, pi, r
−1
i εig, δr
−1/2
i ), (R
q, 0, gE, δr
−1/2
i )) ≤ r−1i µi + σi.
We can choose ri going to zero slowly enough so that
r−1i µi + σi → 0,
and this completes the proof. 
Lemma 10.2. Let (M, g) be a complete noncompact Riemannian manifold. Assume
that on a sequence of geodesic balls Mi = Bxi(Ri) with Ri → ∞ there exist δi → 0
such that
RicMi ≥ −δi.
Then for each λ ≥ 0 there exist smooth approximate eigenfunctions φi whose support
lies in Mi such that
‖(∆− λ)φi‖ ≤ o(1)‖φi‖
with o(1) → 0 as i → ∞. As a result the L2 spectrum of the Laplacian on M is
[0,∞).
Proof. Replacing r−1i εi by εi in Lemma 10.1, we may assume that
dGH ((Mi, xi, εig, 5), (R
q, 0, gE, 5))→ 0.
By [7, Theorem 1.2], there exists a harmonic map
Φi : (Mi, xi, εig, 3)→ Rq
with Φi(Mi, xi, εig, 1) ⊂ (Rq, 0, gE, 2) and
LipΦi ≤ c(n)
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with c(n) independent of i. Writing the map Φi in coordinates, Φi = (bi,1, · · · , bi,q),
and using inequality (1.23) of [7] in the proof of the same theorem we obtain∫
(Mi,xi,εig,1)
∑
j
|Hess bi,j |2 ≤ o(1) · Vol((Mi, xi, εig, 1)), and
∫
(Mi,xi,εig,1)
∑
j
|〈∇bi,j,∇bi,l〉 − δjl| ≤ o(1) · Vol((Mi, xi, εig, 1))
with o(1) → 0 as i → ∞. We use the diffeomorphism σi : (Mi, xi, g, ε−1/2i ) →
(Mi, xi, εig, 1) and a similar map on (R
q, 0, gE, 1) to get rescaled maps
Φi : (Mi, xi, g, ε
−1/2
i )→ (Rq, 0, ε−1i gE , ε−1/2i ) = (Rq, 0, gE, ε−1/2i ),
which are also harmonic. It is clear that the rescaled maps also satisfy LipΦi ≤ c(n)
and ∫
(Mi,xi,g,εi−1/2)
∑
j
|Hess bi,j|2 ≤ o(1) · εi ·Vol((Mi, xi, g, ε−1/2i )),
∫
(Mi,xi,g,εi−1/2)
∑
j
|〈∇bi,j,∇bi,l〉 − δjl| ≤ o(1) · εi · Vol((Mi, xi, g, ε−1/2i )).
(32)
Let r(x) be the distance to the point 0 ∈ Rq. We will denote Bi(r) = {x ∈ Mi |
|Φi(x)| ≤ r } and Vol(Bxi(r)) = Vi(r).
By estimate (1.44) and inequality (1.6) of Theorem 1.2 in [7] we have, after rescal-
ing, that for any q1, q2 ∈ (Mi, xi, g, εi−1/2)
|Φi(q1),Φ(q2)− q1, q2| ≤ o(1)ε−1/2i
where x, y denotes the distance in the respective metrics. This implies that for any
1
2
εi
−1/2 < r < εi−1/2
(Mi, xi, g, (1− o(1))r ) ⊂ Bi(r) ⊂ (Mi, xi, g, (1 + o(1))r ).
Set 4ρi + 1 = 1/
√
εi. Together with the fact that the lower bound of the Ricci
curvature of the balls of radius 2/
√
εi approaches 0 and the metrics are ε-close, we
can find i large enough such that
(33) Vi(3ρi)− Vi(2ρi) ≥ c1(n) Vi(4ρi + 1)
for some c1(n) > 0.
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For a fixed λ ≥ 0 we let φo(r) = ei
√
λ rχ(r), where χ(r) is a smooth function with
support in (Rq, 0, gE, ε
−1/2
i ). We choose χ such that 0 ≤ χ(r) ≤ 1, χ(r) = 1 for
r ∈ [2ρi, 3ρi], χ(r) = 0 for r ≤ ρi, r ≥ 4ρi and satisfying |χ′(r)|, |χ′′(r)| ≤ Cε1/2i .
Define the test functions
φi = φo ◦ Φi
which are now supported in (Mi, xi, g, ε
−1/2
i ). We observe that in the coordinates
(x1, · · · , xq) of Rq
∆φi = −
q∑
j,l=1
∂2φo
∂xj ∂xl
〈∇bi,j,∇bi,l〉
= −
∑
j 6=l
∂2φo
∂xj ∂xl
〈∇bi,j,∇bi,l〉+∆Eφo −
q∑
j=1
∂2φo
∂x2j
(|∇bi,j|2 − 1)
(34)
since the bi,j are harmonic, where ∆E is the Laplacian on the Euclidean space and
∇k denotes the covariant derivative in the kth direction over Mi.
Then
|(∆− λ)φi| ≤ |HessE(φo)| |
∑
j 6=l
〈∇bi,j,∇bi,l〉|+ |(∆E − λ)φo|
+
∑
j
(|HessE(φo)| · ||∇bi,j|2 − 1|).
It is well known that
‖(∆E − λ)φo‖ ≤ o(1)V (4ρi + 1).
Using the fact that the Hessian of φo over the Euclidean space is bounded, that
the ∇Φi are uniformly bounded and that φo is an approximate eigenfunction on Rq,
together with estimate (32) and the above inequality, we have
‖(∆− λ)φi‖2 ≤ C
∫
Bxi (4ρi+1)
∑
j 6=l
|〈∇bi,j,∇bi,l〉|2 + ‖(∆E − λ)φo‖2
+ C
∑
j
∫
Bxi(4ρi+1)
||∇bi,j|2 − 1|2
≤ o(1)V (4ρi + 1).
(35)
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On the other hand,
‖φi‖2 ≥ Vi(3ρi)− Vi(2ρi) ≥ c1(n)Vi(4ρi + 1)
by (33). Combining the above with (35), we obtain the desired estimate
‖(∆− λ)φi‖ ≤ o(1)‖φi‖.

Lemma 10.2 allows us to find L2 approximate eigenfunctions for the [0,∞) spec-
trum of manifolds with Ricci curvature asymptotically nonnegative. This was not
previously possible, even on manifolds with Ricci curvature nonnegative. It also pro-
vides a novel proof of the same result due to the second author and D. Zhou [34]
without resorting to Sturm’s Lp independence result [39].
Based on the above result, we are now able to prove Theorem 1.3.
Proof of Theorem 1.3. Consider the forms ωo = φo(r)dx1∧· · ·∧dxk on Rq, with φo(r)
defined as in the previous Lemma. These are L2 approximate k-eigenforms for λ on
Rq.
Define the test k-forms
ωi = Φ
∗
i (ωo) = φi dbi,1 ∧ · · · ∧ dbi,k
for φi defined as in Lemma 10.2.
By the Weitzenbo¨ck formula, it is well known that
(∆− λ)ωi =(∆φi − λφi ) dbi,1 ∧ · · · ∧ dbi,k − 2∇∇φi(dbi,1 ∧ · · · ∧ dbi,k)
+ φi∆(dbi,1 ∧ · · · ∧ dbi,k).(36)
We will apply Corollary 2.3 to show that λ belongs to the spectrum of M . Using
formula (36) together with the properties of the bi,l we get
|( (∆ + α)−mωi, (∆− λ)ωi )| ≤ C ‖ωi‖ ·
[
‖(∆− λ)φi‖+
∑
j
‖|∇φi| · |Hess(bi,j)| ‖
]
+ |( (∆ + α)−mωi, φi∆(dbi,1 ∧ · · · ∧ dbi,k) )|,
(37)
where we have used the fact that (∆+α)−m is bounded on L2 for the first two terms
in the right side. We want to show that the right side is bounded above by o(1)‖ωi‖2.
THE SPECTRUM OF THE LAPLACIAN ON FORMS 47
By the following algebraic inequality (using the fact that the gradients of the bi,j
are uniformly bounded), we have
|dbi,1 ∧ · · · ∧ dbi,k|2 ≥ 1− C(n)
∑
j,l
|〈∇bi,j,∇bi,l〉 − δjl|.
Thus by (32) and (33), for i sufficiently large we obtain
‖ωi‖2 ≥
∫
Bxi(3ρi)\Bxi (2ρi)
|dbi,1 ∧ · · · ∧ dbi,k|2
≥ V (3ρi)− V (2ρi)− o(1)V (4ρi + 1) ≥ 1
2
c1(n)V (4ρi + 1).
Combining the above with (35) we have
(38) ‖(∆− λ)φi‖ ≤ o(1)‖ωi‖
Similarly, using (32) we can control the second term of (37)∑
j
‖|∇φi| · |Hess(bi,j)| ‖ ≤ o(1) V (4ρi + 1)1/2 ≤ o(1)‖ωi‖.(39)
Finally, for the third term, we let ηi = (∆ + α)
−mωi and observe that
|( ηi, φi∆(dbi,1 ∧ · · · ∧ dbi,k) )| = |( δ(φiηi), δ(dbi,1 ∧ · · · ∧ dbi,k) )|.
Since δ(φiηi) = −ι(∇φi)ηi + φiδηi, and
‖δηi‖2 ≤ ‖δηi‖2 + ‖dηi‖2 = (ηi,∆(∆ + α)−mωi)
= (ηi, (∆ + α)
−m+1ωi)− α(ηi, (∆ + α)−mωi) ≤ C‖ωi‖2,
we have
‖δ(φiηi)‖ ≤ C‖ωi‖.
Therefore,
|( δ(φiηi), δ(dbi,1 ∧ · · · ∧ dbi,k) )| ≤ C‖ωi‖
∑
j
‖Hess(bi,j)‖ ≤ o(1)‖ωi‖ · V (4ρi + 1).
(40)
Using (38), (39) and (40) to estimate the right side of (37) we get
|( (∆ + α)−mωi, (∆− λ)ωi )| ≤ o(1) ‖ωi‖2.
The theorem follows from Corollary 2.3 after rescaling each ωi by its L
2 norm. 
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We would like to remark that since q > 0, the result of Theorem 1.3 is true over
a manifold with asymptotically nonnegative Ricci curvature for the case of functions
and 1-forms and is consistent with Theorem 4.7. It is therefore also consistent with
Corollary 4.5. For higher order forms however, it has not been possible to compute
the k-form spectrum of manifolds with asymptotically nonnegative Ricci curvature.
Our result addresses this case, at least partially.
If q ≥ n/2, then for any 0 ≤ k ≤ n, the spectrum on k-forms is [0,∞). This
observation gives us the following result
Corollary 10.3. Let M be a complete noncompact Riemannian manifold with non-
negative Ricci curvature. Assume that M has Euclidean volume growth. Then
σess(k,∆,M) = [0,∞)
for 0 ≤ k ≤ n.
Finally, we would like to make the following observation which is not directly related
to our results, but explains why we are able to obtain spectral information for the
Hodge Laplacian in the absence of bounds for the curvature tensor. We assume that
the Ricci curvature of M is small.
We shall suppress the subscript i and to use b1, · · · , bq to denote the harmonic
functions bi,1, · · · , bi,q. By a straightforward computation, we have
∆(db1 ∧ · · · ∧ dbk) =
∑
l
db1 ∧ · · · ∧∆(dbj) ∧ · · · ∧ dbk
− 2
n∑
i=1
∑
l,m
db1 ∧ · · · ∧ ∇∂i(dbl) ∧ · · · ∧ ∇∂i(dbm) ∧ · · · ∧ dbk
pointwise, where {∂i} is a normal coordinate frame field with covectors {dxi}. Since
the bj are harmonic, we get
∆(db1 ∧ · · · ∧ dbk) = −2
n∑
i=1
∑
l,m
db1 ∧ · · · ∧ ∇∂i(dbl) ∧ · · · ∧ ∇∂i(dbm) ∧ · · · ∧ dbk.
By (32), we conclude that the average of the L1 norm of ∆(db1 ∧ · · · ∧ dbk) is very
small without any further assumptions on the curvature tensor of M .
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Similarly,
∇∗∇(db1 ∧ · · · ∧ dbk) =
∑
l
db1 ∧ · · · ∧ ∇∗∇(dbj) ∧ · · · ∧ dbk
− 2
n∑
i=1
∑
l,m
db1 ∧ · · · ∧ ∇∂i(dbl) ∧ · · · ∧ ∇∂i(dbm) ∧ · · · ∧ dbk,
where ∇∗∇ = −Tr(∇2) is the covariant Laplacian. By the Weitzenbo¨ck formula,
∇∗∇(dbj) = ∆(dbj)− ι(∇bj)Ric
since the Weitzenbo¨ck tensor on 1-forms coinsides with the Ricci tensor. Thus
∇∗∇(db1 ∧ · · · ∧ dbk) is also small in L1. As a result,
Wk(db1 ∧ · · · ∧ dbk) = ∆(db1 ∧ · · · ∧ dbk)−∇∗∇(db1 ∧ · · · ∧ dbk)
is small in the L1 norm under the assumption of small Ricci curvature. Recall that
Wk = −
∑
i,j
ωi ∧ ι(Vj)RViVj
where {Vi} is an orthonormal frame field with dual co-frame {ωj} and R is the
curvature tensor. Here RXY = DXDY −DYDX −D[X,Y ].
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